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Abstract. Linear dimensionality reduction methods, such as LDA, are often
used in object recognition for feature extraction, but do not address the problem of
how to use these features for recognition. In this paper, we propose Probabilistic
LDA, a generative probability model with which we can both extract the features
and combine them for recognition. The latent variables of PLDA represent both
the class of the object and the view of the object within a class. By making ex-
amples of the same class share the class variable, we show how to train PLDA
and use it for recognition on previously unseen classes. The usual LDA features
are derived as a result of training PLDA, but in addition have a probability model
attached to them, which automatically gives more weight to the more discrimi-
native features. With PLDA, we can build a model of a previously unseen class
from a single example, and can combine multiple examples for a better repre-
sentation of the class. We show applications to classification, hypothesis testing,
class inference, and clustering, on classes not observed during training.

1 Introduction

There is a long tradition of using linear dimensionality reduction methods for object
recognition [[1,12]. Most notably, these include Principal Component Analysis (PCA)
and Linear Discriminant Analysis (LDA). While PCA identifies the linear subspace in
which most of the data’s energy is concentrated, LDA identifies the subspace in which
the data between different classes is most spread out, relative to the spread within each
class. This makes LDA suitable for recognition problems such as classification. One
of the questions that dimensionality reduction methods do not answer is: what do we
do with the lower-dimension representation of the data? A common technique is to
project the data onto a PCA subspace, thus eliminating singularities, and then find an
LDA subspace. However, after the projection, how do we combine the components
of the resulting multivariate representation? Clearly some dimensions (for example,
the dominant projection directions identified by LDA) have to be more important than
others, but how do we incorporate this difference in importance into recognition? How
do we perform tasks such as classification and hypothesis testing on examples of classes
we haven’t seen before, and how do we take advantage of multiple examples of a new
class?

In this paper, we reformulate the problem of dimensionality reduction for recognition
in the probabilistic context. It has long been known that LDA maximizes the likelihood
of a Gaussian mixture model and is mathematically equivalent to linear regression of
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the class assignment labels [3L/4]. Such regression, however, is useful only when LDA is
used to classify examples of the classes represented in the training data. One of the many
problems in which this assumption is false is face recognition. For example, having
trained a system, we need to be able to determine whether two face views belong to
the same person, even though we have not seen this person before. In these cases, we
are not able to build an accurate probability model for the new person (since we have
only one example), nor is a discrete class label defined for an example of a previously
unseen class.

In a Gaussian mixture model with common class-conditional covariances, each class
is described by its center, and the support of the prior distribution of the class centers is
a finite set of points. This is not sufficient for handling new classes, and in this work we
solve this problem by making the prior of the class centers continuous. We can learn this
prior (which models the differences between classes) as well as the common variance
of the class-conditional distributions (which models the differences between examples
of the same class). We will show that by maximizing the model likelihood we arrive at
the features obtained by Linear Discriminant Analysis. However, in Probabilistic LDA,
we also obtain a principled method of combining different features so that the more
discriminative features have more impact on recognition.

Probabilistic LDA is a general method that can accomplish a wide variety of recog-
nition tasks. In “one-shot learning” [5]], a single example of a previously unseen class
can be used to build the model of the class. Multiple examples can be combined to
obtain a better representation of the class. In hypothesis testing, we can compare two
examples, or two groups of examples, to determine whether they belong to the same
(previously unseen) class. This can further be used to cluster examples of classes not
observed before, and automatically determine the number of clusters.

The method proposed in this paper is to LDA what Probabilistic PCA [6] is to PCA.
Namely, we will derive the commonly used feature extraction method using a proba-
bilistic approach, and obtain the method not just to compute the features, but also to
combine them. While PPCA is used to model a probability density of data, PLDA can
be used to make probabilistic inferences about the class of data.

2 Linear Discriminant Analysis

Linear Discriminant Analysis (LDA) is commonly used to identify the linear features
that maximize the between-class separation of data, while minimizing the within-class
scatter [7]]. Consider a training data set containing [V examples {x1 .xN }, where each
example x* is a column vector of length d. Each training example belongs to one of the
K classes. Let C, be the set of all examples of class k, and let ny, = |Cy| be the number
of examples in class k = 1... K. In LDA, the within-class and between-class scatter
matrices are computed:

Dk Diecy (x" —my)(x" —my)" Y nk(my, — m)(my, — m)”
Sw = , Sy = (1
N N
where my, = | 7, x'is the mean of kth class, and m = 37, x" is the mean

of the data set. We seek the linear transformation x — W7x that maximizes the
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between-class variance relative to the within-class variance, where W is a d x d’ matrix,
with d’ being the desired number of dimensions. It can be shown that the columns of
the optimal W are the generalized eigenvectors such that Syw = \S,, w, corresponding
to the d’ largest eigenvalues. One consequence of this result is that W simultaneously
diagonalizes the scatter matrices W7 S, W and W7T'S,,W. In other words, LDA decor-
relates the data both between and within classes.

The LDA projections can be derived by fitting a Gaussian Mixture Model to the
training data [3]]. The mixture model that results can be used to classify examples of the
classes represented in the training data, but not the novel classes. A different probability
model is required for that purpose, and is provided by Probabilistic LDA.

3 Probabilistic LDA

A Gaussian mixture model can be thought of as a latent variable model where the ob-
served node x represents the example, and the latent variable y is the center of a mixture
component and represents the class (Fig.[Th). Members of the same class share the class
variable y. The class-conditional distributions

P(x|y) = N(x|y, Puw)

have a common covariance matrix &,,, and the prior on the class variable assigns a
probability mass to each of the finite number of points: P(y) = Zszl Tk6(y — 1K)
When the centers p are constrained to lie in a low-dimensional (but unknown) sub-
space, likelihood maximization with respect to g, 7, and ®,, recovers the standard
LDA projections [3]. We want to extend the probabilistic framework to be able to han-
dle classes not represented in the training data. To this end, we propose to modify the
latent variable prior and make it continuous. In particular, to enable efficient inference
and closed-form training, we shall impose a Gaussian prior:

P(y) =N(y |m, ®,)

We will require ®,, to be positive definite, and ®; to be positive semi-definite. It is a
well-known result from linear algebra that ®,, and ®; can be simultaneously diagonal-
ized: VI ®,V = ¥ and VT'®,V = I, where the diagonal matrix ¥ and non-singular
matrix V are found by solving a generalized eigenproblem. By defining A = V=7, we
have ®,, = AA” and &, = ATAT. Our model is then:

Xx=m+ Au where
u~N(|v,I) and )
v~ N0, 9)

Here v represents the class, and u represents an example of that class in the projected
space — justasy = m + Av and x = m + Au do in the data space. Here, W is
diagonal, ¥ > 0. The corresponding graphical model is shown in Fig. [b.
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Fig. 1. (a) Modeling class and view. The latent variable y represents the class center, and the
examples of the class are drawn from a Gaussian distribution centered at y. If the prior on y is
discrete, this is a mixture model. For the model to generalize to previously unseen classes, we
instead impose a Gaussian prior V' (y | m, ®,) on the class center, which leads to Probabilistic
LDA. (b) By diagonalizing the covariances ®; and ®.,, PLDA models the class center v and ex-
amples u in the latent space where the variables are independent. The example x in the original
space is related to its latent representation u via an invertible transformation A. All the recog-
nition activities take place in the latent space. (¢) A set of examples x grouped into K clusters,
where examples within the kth cluster share the class variable v*. The latent variables v and u
are hidden and can be integrated out. In the training data, the grouping of examples into clusters
is given, and we learn the model parameters by maximizing the likelihood. If, instead, the model
parameters are fixed, likelihood maximization with respect to the class assignment labels solves
a clustering problem.

3.1 Inference in the Latent Space

The main advantage of PLDA is that it allows us to make inference about the classes
not present during training. One example of such a situation is face recognition. The
model parameters are learned from training data, but the trained system must deal with
examples of novel individuals. This is different from many other object recognition
tasks where the training data contains examples of all the classes.

In the problem of classification, we are given a gallery (x!...x™) containing one
example from each of M classes, as well as a probe example xP. We know that the
probe belongs to one of the M classes in the gallery, and need to determine which
one. We will answer this question by maximizing the likelihood. This is more easily
accomplished in the latent space, where we apply the transform u = A~!(x — m) to
all of the data, which decorrelates the data as shown in Eqn. ). Consider an example
u? from the gallery. Let us compute P(u? |u9), the probability of the probe example
coming from the same class as the gallery example. By performing the inference on the
class variable, we have

P(V‘U)ZN(V|@31‘17 \IEIH) 3
Since u? and u? are conditionally independent given v (see Fig.[I}), we have

P(u?|u9) = N(u” | ‘Pﬁlug71+ \P‘L) 4)
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To classify a probe example, we compute P(u? |u9) for g = 1...M, and pick the
maximum. With PLDA, we were able to combine the knowledge about the general
structure of the data, obtained during training, and the examples of new classes, yielding
a principled way to perform classification!.

We can also combine multiple examples of a class into a single model, improving the
recognition performance. If n independent examples uj . of a class are in the gallery
to be used for classification, then we can show that

P(u?|uf_,) = N(?| a¥as T+ )
where @9 = ! (uf + - + u?).

Another common recognition problem is that of hypothesis testing. Given two ex-
amples of previously unseen classes, we need to determine whether they belong to the
same class. Methods such as LDA do not solve this problem, but with PLDA it is easily
accomplished. For two examples u” and u¥, we compute the likelihoods P(u?)P(u?)
and P(uP,u9) = [ P(u?|v)P(u? | v)P(v)dv corresponding to the two examples be-
longing to different classes and the same class, respectively, and use the ratio of the two
to classify. More generally, if the probe contains multiple examples of an object and the
gallery contains multiple examples of another object, we compute the likelihood ratio

likelihood(same) Py ,..uf )
p g _ _ ..m ..n
R({uy b {ui . 3) = likelihood(diff)  P(u? , YP(uf ) )

where

P(u'") = /P(u1 [v)- - P(u"|v)P(v)dv

d a;)* Y (up—ae)?
il P} (gﬂ)n/z(}er}l)uz eXp(_Q(;tli) - Yy ) 6)

is the distribution of a set of examples, given that they belong to the same class. Here,
for the tth feature, u; = }L Z?:l uj; Since W is diagonal, the contributions of different
features to P are decoupled. For priors 7,,,. and 7, the probability that all the examples
are of the same class is (1 + ”‘““g we )=l If R > aar, the two groups of examples
belong to the same class; otherwise, they do not. Being able to compare two groups of
examples makes it also possible to use PLDA for clustering.

The between-class feature variances 1; indicate how discriminative the features are.
In PLDA, the better features automatically contribute more to recognition. As a special
case, consider a completely non-discriminative feature, for which ¢ = 0. It can be seen
that this feature does not contribute to R (Eqn. (@), or to the other equations above, at
all. Therefore, we can perform dimensionality reduction by keeping only the rows of
A~ corresponding to non-zero . If we want to use at most d’ dimensions, we impose
the constraint that no more than d’ entries of ¥ be non-zero. We will show how to do
this in the next section.

! The problem of outliers, not belonging to any of the gallery classes, is also solved by PLDA,
where we define P(u? |0) = N (u? |0, ¥ +1I).
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3.2 Learning the Model Parameters

The unknown parameters of PLDA are the mean m, the covariance matrix ¥, and the
loading matrix A (or, equivalently, the variances ®;, and ®,,). These parameters can
be learned in the maximum likelihood framework. Given IV training patterns separated
into K classes (Fig.[Ik), we can compute the likelihood of the data. We will make the
assumption that all examples are independently drawn from their respective classes.
The log-likelihood is

K
(x"N) =Y InP(x i€ Cp) (7)
k=1
where
7)<X1 cee Xn) = /N(y | Oa (bb)N(Xl ‘ Yy, (I)w) o N(Xn ‘ Yy, (I)w)dy

is the joint probability distribution of a set of n patterns, provided they belong to the
same class. Computing the integral, we get: InP(x*") = C — J(In|®;, + qi{" +
(@4 )~ (x-m) (x—m) ")+ (n—1) In [@,, [ +tr(@5, (1, (xF—%) (xI—%))))
wherex = ! " | x% and C is a constant term that we can ignore.

Let us consider the case where each of the classes in the training data is represented
by the same number n of examples. Maximizing Eqn. (7)) with respect to m, we find
m= J{, > x'. Substituting it back, we finally obtain

c 1 1
E(XLHN) = _2( In ‘(I)b + nq)w| + tr((q)b + nq)w)_lsb)
+ (n—1)In|®,| + ntr(®,'Sw)) )

where S, and S, are defined in Eqn. (I). We need to maximize the value of £ with
respect to &, and P,,, subject to ®,, being positive definite, P, being positive semi-
definite, and, in the case of dimensionality reduction, rank(®;) < d’. Without these
constraints, simple matrix calculus would yield

(I)w =" Swa (I)b - Sb - nil Sw

n—1

Therefore, if the scatter matrices S, and S are diagonal then so are the covariances
®,, and ;. In fact, this diagonalization property holds even if the above constraints
are imposed. According to Eqn. @), ®;, = AU AT where A is invertible. For fixed ¥,
unconstrained optimization of Eqn. (§) with respect to A~! makes both A= S, A=7 and
A-1S,A°T diagonal. Therefore, the columns of AT contain the generalized vectors
of Sy and S, and the projection of data into the latent space (where the recognition
takes place) is the LDA projection discussed in §2] Finally optimizing (8) with respect
to U, subject to ¥ > 0 and rank(¥) < d’, we obtain the method for learning the
parameters of our model (2)). This method is shown in Fig.

Our method was derived for the case where each class in the training data is repre-
sented by the same number n of examples. This may not be true in practice, in which
case we can resample the data to make the number of examples the same, use EM (as
shown in §3)), or use approximations. We took the latter approach, using the closed-form
solution in Fig.[2l where n was taken to be the average number of examples per class.
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Given: Training examples x'" from K classes, with n = N/K examples per class
Find: Parameters m, A, ¥ maximizing the likelihood of the PLDA model (Eqn. (),
Fig.[D.

1. Compute the scatter matrices S, and .S, (Eqn. (@)). Find the matrix W of general-
ized eigenvectors with columns such that Syw = AS,,w. Then, x — W7Tx is the
LDA projection, and Ay, = W7 S,W and A,, = W7 S,,W are both diagonal.

2. Set m:]%[ZZJ'V:IXi
1/2
A=W (1A /
¥ = max (0, ”;1 (Ap/Aw) — 1)

n
3. To reduce the dimensionality to d’, keep the d’ largest elements of ¥ and set the
rest to zero. In the latent space u = A~!(x — m), only the features corresponding
to non-zero entries of ¥ are needed for recognition.

Fig. 2. Fitting the parameters of the PLDA model

4 Results

With Probabilistic LDA, we model the variations in the appearance of any object, as
well as the differences in the appearance of different objects. This makes PLDA a gen-
eral model, useful for a variety of recognition tasks on examples of previously unseen
classes. We will show its applications to class inference, classification, hypothesis test-
ing, and clustering.

4.1 Class Inference

By modeling both within-class and between-class variations, PLDA allows us to isolate
the class component of an example. This emphasizes the features that make different
objects distinct, discarding the information not useful for recognition.

From Eqn. (), we can show that the MAP estimate (and also the expectation) of
the class center y corresponding to example x is y = m + AV = m + A(V +
I)"'WA~!(x — m). In Fig. Bl we demonstrate the class inference on faces from the
PIE database [8]. Each row of Fig. Ba contains one person, but the view variations
within each row are large. In Fig.[3b we show the estimate of the class center. Most of
the variation within rows has been eliminated, while different rows look distinct.

4.2 Classification

One natural task for PLDA is classification, and we apply it to face recognition. We
trained the system on a set faces extracted from videos, each of which was automati-
cally cropped and contrast-normalized. We reduce the dimensionality using PCA and
capturing around 96% of the energy. In the resulting subspace, we train the PLDA model
as described in 3]



(a): example x = m + Au (b): class estimate y = m + AV

Fig. 3. Class inference with PLDA. (a) Faces from the PIE dataset. Rows correspond to different
people. (b) We estimate the class variable y from each example x. This emphasizes the infor-
mation relevant to recognition, and largely takes out the view variations. This makes the images
within the same class look similar, and those of different classes different. The inference was
done on each image independently. The system has never seen images from these classes before.

Each test case consists of a gallery containing one example of each of M people from
the FERET database [9]] (the training data was collected by us and did not include any
FERET images). The probe x? contains a different image of one of those M people, and
is classified by maximizing the likelihood P(x? | x9) (Eqn. @)). In Fig. b we compare
the performance of PLDA to that of LDA. In LDA-based classification, we project the
data onto a d’-dimensional space, normalize it so that each feature has the same within-
class variance, and classify the probe by finding the nearest neighbor from the gallery
(equivalent to a maximum-likelihood decision rule). Although the features extracted
by PLDA are the same as LDA, the probability model in PLDA makes it consistently
outperform LDA of any dimensionality d’, for any gallery size. Note that with PLDA
we do not need to choose the best value for d’, since the probability model automatically
gives less importance to the less discriminative features. On the other hand, d’ affects
the performance of LDA (here, d’ = 80 seems to be the best choice).

4.3 Hypothesis Testing

While PLDA lets us perform classification better than LDA, there are many tasks that
LDA does not address at all. In hypothesis testing, we need to determine whether two
examples belong to the same class or not. More generally, given two groups of exam-
ples, where each group belongs to one class, we need to determine whether the two
classes are the same. This is accomplished by PLDA by comparing the likelihood ratio
R (Egn. (@) with the prior ratio. We use the COIL database [10], containing 72 images
of each of 100 objects. We randomly select 68 objects to use for training, and test on the
32 remaining objects. An error results when two examples of the same object selected
from the test set are classified as different (false negative), or when two examples of
different objects are classified as the same (false positive). The images were sampled to
32 x 32 pixels, and PCA (computed on the training set) was used to extract 200 features.
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Fig.4. (a) Evaluating the classification performance of LDA (with varying dimensions d’) and
PLDA on the FERET face data set. A test gallery contains M classes, with one example per
class. The probe is a different example of one of the M classes, and needs to be labeled. We plot
the misclassification rate as a function of M. PLDA significantly outperforms LDA. The training
and test data came from different sources and have no people in common. (b) Hypothesis testing
using PLDA. We determine whether two examples belong to the same class or not by comparing
the likelihood ratio R with the prior ratio. The top curve shows the false positive and false negative
rates computed for the COIL database, with the marker corresponding to equal priors. We can also
compare two groups of examples, where each contains several examples of one class. Combining
multiple examples yields better models of the new classes, reducing the error rates. Different
classes were used for training and testing.

In Fig. @b, we show the error rates, where the ratio of priors :d‘:‘ moves us along
the curve (the marker corresponds to equal priors). With PLDA we can compare groups
of examples too, and we show that by comparing several examples of one class with
several examples of the other we get much better accuracy than with single examples.
We expect that a non-linear dimensionality reduction such as LLE [11]] would make the
data better suited for the Gaussian model in PLDA, further reducing the error rates.

44 Clustering

While in classification we have the gallery of labeled objects, a different, unsupervised
approach is needed when no class labels are available. In that case, we need to cluster
the examples, so that each cluster roughly corresponds to one class. Methods such as
K-means can be used, but suffer from the arbitrary choice of metric and the need to
specify the number of clusters in advance. With PLDA, we can automatically determine
the optimal number of classes.

We approach clustering as the likelihood maximization problem. Each split of ex-
amples into clusters corresponds to a graphical model (Fig.[Ik) in which all examples
within one cluster share the class variable, and the likelihood of the clustering is com-
puted by integrating out the class variables, which can be done in closed form (Eqn. (@)).
Because the set of examples can be split into clusters in an exponential number of ways,
we cannot compute the likelihood of each clustering. Instead, we use agglomerative
clustering as an approximate search mechanism. We start with each example in its own
cluster, and at each iteration merge two clusters. When two clusters are merged, the
log-likelihood ¢ increases by In R, where R is the likelihood ratio defined in Eqn. ().
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Fig.5. PLDA makes it possible to cluster examples and automatically determine the optimal
number of clusters. We approach clustering as likelihood maximization, and use agglomerative
clustering. At each step we merge the clusters with the largest likelihood ratio R; this increases
the log-likelihood by In R. (a) The log-likelihood ¢ as a function of the number of clusters. The
maximum is reached at 14 clusters. (b) The clusters maximizing the likelihood. If we give each
person a label A through H, the clusters are: (BBBBBDC), (AAAAA), (FFFFF), (DDDD), (111I),
(HHHH), (GGGG), (EEEE), (EG), (HC), (CC), (I), (C), (C).

Therefore, at each iteration, we merge the two clusters with the maximum R, and up-
date the log-likelihood as ¢ < ¢ + In R. The point in this process at which ¢ reaches
its maximum tells us the (approximately) optimal way to cluster the data, including the
number of clusters.

We tested the clustering algorithm on the PIE dataset, by randomly selecting 5 im-
ages of each of the 9 dataset collectors (the training data didn’t include any PIE images).
In Fig.[Bh we plot the log-likelihood ¢ against the number of clusters. The graph has a
maximum, which tells us how many clusters are needed (14 in this case). Fig.Bb shows
the corresponding clusters. While the clustering is not perfect, it largely corresponds to
the true classes of the examples.

5 Combining Probabilistic PCA and Probabilistic LDA

Usually, a dimensionality reduction such as PCA must be used before applying LDA
to eliminate singularities in the problem. Using PCA before PLDA works very well for
recognition, but it may be desirable to use PLDA to model the probability distribution
in the original space, and not the PCA-projected subspace. This suggests combining
PLDA with Probabilistic PCA [6] instead.

Probabilistic PCA fits the data with a model x ~ N (- | m + Au, ¥) where the latent
variable u ~ A/(-|0,I), and ¥ = o?I. We will combine PPCA with PLDA (Eqn. @2)),
to obtain the following model:

x ~N(-|m+ Au,X), where u~ N(-|v,I) and v ~ N(-|0,7) 9)

If D is the dimensionality of the data and d is the desired dimensionality of the latent
space, we constrain A to be of size D X d. We find the parameters of the model by using
Expectation Maximization (e.g. [[7]). Note that by letting d = D and setting o — 0 we
obtain an EM method for fitting the PLDA model which doesn’t require that each class
be represented by the same number of training examples.
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We can further extend PPCA+PLDA to model wider, non-linear view variations, by
defining a mixture model in which each mixture component j has its own linear trans-
formation (m;, A;). We can think of A; as coarsely representing the view, and u — v
as capturing finer view variations. The class variable v is shared by all examples of the
same class, even those from different mixture components. The recognition tasks and
EM-based training can be performed approximately, using an additional step assigning
each example to one of the mixture components. This allows us to project each example
into the latent space, and perform the recognition activities there. Note that if an exam-
ple comes from a class represented by v, and belongs to the jth mixture component,
then its expected value is m; + A;v, which is the representation used in asymmetric bi-
linear models [[12]. However, unlike the bilinear models, ours is a probability model, and
training it does not require the ground-truth view labels, which may be hard to obtain.
Experiments with the PPCA+PLDA mixture model will be a part of our future research.

6 Discussion

We presented a novel generative model that decomposes a pattern into the class and the
view. Probabilistic Linear Discriminant Analysis (PLDA) is related to LDA and Prob-
abilistic PCA, and can be thought of as LDA with a probability distributions attached
to the features. The probability distribution models the data through the latent vari-
ables corresponding to the class and the view. This allows us to perform inference and
recognition. The model automatically gives more importance to the more discrimina-
tive features, which helps us avoid a search for the optimal number of features. On the
other hand, we can perform dimensionality reduction with PLDA, by imposing an up-
per limit on the rank of the between-class variance. As an extension, we also proposed
a PPCA+PLDA model that doesn’t require PCA pre-processing, and a PPCA+PLDA
Mixture for modeling wider view variations.

One of the most important advantages of PLDA, compared to LDA and its previously
proposed probabilistic motivations, is that the probability distributions are learned not
only for the examples within a class but for the class center as well. This makes PLDA
perfectly suited for a wide variety of recognition problems on classes we have not seen
before. A model of a class can be built from a single example (one-shot learning),
and is further improved by combining multiple examples of a class. We can perform
classification (“what is the class of the example?”), hypothesis testing (“do the two
examples belong to the same class?”), and clustering.

Just like any linear model, PLDA performs best when the data obey the linear as-
sumptions. However, it can be applied to non-linear distributions if the features are
extracted first that linearize the data. One option is to embed the data in a linear man-
ifold (e.g. [11]]), and use PLDA there. Alternatively, we can use the kernel trick inside
PLDA, by extracting non-linear features from the data using Kernel LDA [[13], and then
computing the probability distribution of each feature independently.

Acknowledgments. Many thanks to David Forsyth, Thomas Leung and Troy Chinen
for discussions and suggestions, and to the paper’s area chair and reviewers for very
helpful comments and literature pointers.
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